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Abstract
We compute the 2-modular decomposition numbers of Steinberg’s triality groups 3D4(q), where q is
a power of an odd prime, except for two decomposition numbers in the Steinberg character and classify all
absolutely irreducible representations of 3D4(q) in non-defining characteristic up to a certain degree.
© 2006 Elsevier Inc. All rights reserved.
1. Introduction
Let 3D4(q) be Steinberg’s simple triality group defined over a finite field with q = pn ele-
ments, where p is an odd prime and n is a positive integer. A lot of information about the de-
composition numbers of 3D4(q) in non-defining characteristic has been determined by M. Geck
in [6]. He computed the -modular decomposition matrices of 3D4(q) in all odd characteristics
 = p explicitly up to a few entries and calculated an approximation to the 2-modular decompo-
sition matrix proving that this matrix has a lower unitriangular shape.
In this paper we continue his investigations on the 2-modular decomposition numbers
of 3D4(q). We compute the 2-modular decomposition matrix of 3D4(q) except for two entries in
the Steinberg character. This determines all irreducible 2-modular Brauer characters of 3D4(q)
but one.
Most of the decomposition numbers of 3D4(q) can be obtained by character theoretic tools
like characters of projective modules and scalar products of these characters with ordinary irre-
ducible characters. The 2-modular decomposition numbers of the unipotent characters turn out
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oretic arguments involving modular Harish-Chandra theory. For some non-unipotent blocks we
use Bonnafé’s and Rouquier’s Jordan decomposition (Théorème 11.8 in [1]).
The two entries in the decomposition matrix that we were not able to determine are multi-
plicities of certain cuspidal characters in the reduction mod 2 of the Steinberg character. Similar
problems appeared in the calculation of the decomposition matrices of other finite groups of Lie
type in non-defining characteristic (see for example [6,12]). Maybe module theoretic methods as
in [22] might eventually lead to the determination of these numbers.
One motivation to compute the 2-modular decomposition numbers of 3D4(q) was the follow-
ing version of a question of P.H. Tiep and A.E. Zalesskii (see Problem 1.3 in [24] and Problem 5.1
in [25]): Let G be a finite quasisimple group, k an algebraically closed field of characteristic  and
d(G) the smallest degree of a non-trivial irreducible kG-representation. Given ε > 0, classify
all irreducible kG-modules of dimension less than (d(G))2−ε .
In Section 5, we solve this problem in case G = 3D4(q), q odd, for all ε > 0.
The representations of degree less or equal to 250 have already been classified by G. Hiss and
G. Malle in [15], and the value of d(3D4(q)) has been computed by F. Lübeck, K. Magaard,
G. Malle, P.H. Tiep [19–21]. Since the complex irreducible characters of 3D4(q) are known by
the work of N. Spaltenstein [23], D.I. Deriziotis and G.O. Michler [3] and since the irreducible
representations of 3D4(q) in defining characteristic up to degree 2000 have been determined by
F. Lübeck in [19], we only have to deal with the representations in non-defining characteristic.
We proceed as follows: The results of M. Geck in [6] and the 2-modular decomposition matri-
ces in Theorem 3.1 of this paper determine almost all irreducible Brauer characters of 3D4(q) in
non-defining characteristic and in particular their degrees. In most cases (depending on q and )
only one or two degrees of irreducible unipotent Brauer characters remain unknown. Using pro-
jective characters we show that these unknown degrees are greater or equal to d(3D4(q))2.
Some of these projective characters are constructed by inducing projective characters of par-
abolic subgroups of 3D4(q). To calculate these characters we use generic character tables of
parabolic subgroups and Maple programs written by the author for inducing class functions.
These character tables and programs are based on the Maple [2] part of the CHEVIE [8] package
(see [11]). The use of CHEVIE also allows us to compute easily scalar products of the induced
characters with the complex irreducible characters of 3D4(q).
This paper is organized as follows: In Section 2, we collect some properties of 3D4(q) and fix
notation. In Section 3, we present the 2-modular decomposition numbers of 3D4(q), which are
proved in Section 4. In Section 5, we classify the non-trivial absolutely irreducible representa-
tions of 3D4(q) of degree less than d(3D4(q))2 in non-defining characteristic. Some information
about the Brauer characters of these representations is summarized in tables, generated by com-
puter programs, in Appendix A at the end of this paper.
2. Notation and group theoretical properties of 3D4(q)
We choose the notation similar to that in M. Geck [6]. Let Φ be a root system of type D4 in
some Euclidean space V , with basis Δ = {r1, r2, r3, r4} of simple roots such that r1, r3 and r4
are orthogonal to each other. There is an isometry τ of Φ which is given by r1 → r3, r3 → r4,
r4 → r1, r2 → r2. We fix a simple complex Lie algebra L of type D4 and choose a Chevalley
basis of L in the same way as in [6].
Let q > 1 be a power of an odd prime p, Fq the field with q elements, F its algebraic closure
and G = 〈xr(t) | r ∈ Φ, t ∈ F〉 the Chevalley group over the field F constructed from the Lie
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automorphism (also denoted by τ ) sending xr(t) to xτ(r)(t), and a field automorphism Fq sending
xr(t) to xr(tq) for all r ∈Φ , t ∈ F. Setting F := τ ◦ Fq = Fq ◦ τ , we get G := GF = 3D4(q).
Fix an F -stable maximal torus T of G as in [6], normalizing all root subgroups Xr = {xr(t) |
t ∈ F} of G. For r ∈ Φ let r1 := 13 (r + τ(r) + τ 2(r)) and call r, s ∈ Φ equivalent, if r1 = s1.
Each equivalence class consists either of one root fixed by τ or of three roots cyclically permuted
by τ . Let α := 13 (r1 + r3 + r4) and β := r2. The set Φ1 := {r1 | r ∈ Φ} is a root system of type
G2 in the subspace of V spanned by α and β with basis {α,β} (α is the short root). The Weyl
group of G is isomorphic with the Weyl group W 1 of the root system Φ1.
For each τ -stable subset J ⊆ Δ = {r1, r2, r3, r4}, let PFJ be the corresponding standard
parabolic subgroup of G with Levi decomposition PFJ = LFJ UFJ . We will use the following
abbreviations: B := PF∅ for the Borel subgroup, P := PF{r1,r3,r4}, Q := PF{r2}, T := LF∅ = TF ,
LP := LF{r1,r3,r4} and LQ := LF{r2} for the maximal parabolic subgroups and their Levi comple-
ments; U , UP , UQ for the unipotent radicals of B , P and Q.
For any finite group H let (·,·)H or (·,·) be the usual scalar product on the space of class
functions of H , and let Irr(H) be the set of complex irreducible characters of H . Let 1H or 1
denote the trivial character of H . If χ is a character of a subgroup H1 of H , then we write χH
for the induced character, and if χ is a character of H , we write χH1 for the restriction of χ to
the subgroup H1.
Let (G∗,F ∗) be dual to (G,F ) and let G∗ := (G∗)F ∗ . Then G is isomorphic to G∗. There is
a set E(G, s) of complex irreducible characters of G associated with every semisimple element
s ∈G∗ and
Irr(G)=
⋃˙
s
E(G, s),
where s runs over a set of representatives for the semisimple conjugacy classes of G∗, is a parti-
tion of the set of complex irreducible characters of G. The sets E(G, s) are called Lusztig series
and we will use the same notation for these series as M. Geck in [6]. We choose the same notation
as N. Spaltenstein, D.I. Deriziotis and G.O. Michler (see [23, Table 2], and [3, Section 4]) for the
complex irreducible characters of G. In particular, we denote the eight unipotent characters of G
by 1, [ε1], [ρ1], [ρ2], 3D4[−1], 3D4[1], [ε2] and St.
3. Results: Decomposition matrices
In this section, we present the 2-modular decomposition numbers of G = 3D4(q), q odd. In
this section and the next one, all references to blocks, Brauer characters, decomposition numbers
etc. will refer to characteristic 2. Let (K,R, k) be a splitting 2-modular system for all subgroups
of G. If s ∈ G∗ is semisimple of odd order, then the set E2(G, s) :=⋃t E(G, st), where t runs
over all 2-elements of G∗ commuting with s, is a union of 2-blocks of G (this follows from the
classification of the blocks of G in [3, Section 5]). For a class function ϑ of G, let ϑ˘ denote its
restriction to the 2-regular conjugacy classes (i.e. conjugacy classes of elements of odd order).
Hence, if ϑ is a complex character, then ϑ˘ is a Brauer character.
We recall the following facts, which are proved in [6, p. 3267]: For s ∈G∗, s = 1 semisimple
of odd order, the characters χ˘ with χ ∈ E(G, s) form a basic set of Brauer characters in E2(G, s).
This means that every Brauer character in E2(G, s) can be written uniquely as a linear combi-
nation with integer coefficients of the characters χ˘ , χ ∈ E(G, s). Therefore, we only determine
572 F. Himstedt / Journal of Algebra 309 (2007) 569–593the decomposition of the irreducible characters in E(G, s) into irreducible Brauer characters for
semisimple elements s of odd order. The situation is different for s = 1: The restrictions of the
unipotent characters of G to the 2-regular conjugacy classes are not linearly independent. But
the restrictions of 1, [ε1], [ρ1], [ρ2], 3D4[1], [ε2] and St to the 2-regular classes form a basic set
of Brauer characters for E2(G,1). For this reason, we only determine the decomposition of these
seven unipotent characters into irreducible Brauer characters.
We start with some comments on the decomposition matrices: The first two columns of the
following tables show the degrees and notation of the ordinary irreducible characters of G. In the
course of the proof of the decomposition numbers of the unipotent characters we will show that
there are exactly seven irreducible Brauer characters φ1, . . . , φ7 contained in unipotent blocks
and we will get some information on the distribution of φ1, . . . , φ7 into modular Harish-Chandra
series, which might be of independent interest (for a definition of modular Harish-Chandra series
see Section 2 in [7]). There are 6 such series, corresponding to the Levi subgroups T , LP , LQ
and G. Each of the Levi subgroups T , LP , LQ has a unique cuspidal unipotent Brauer character,
and the corresponding series contains, respectively, 2, 1, 1 irreducible Brauer characters. Addi-
tionally, G has 3 cuspidal unipotent Brauer characters. (All of this will be proved in Section 4.)
The columns labeled by ps correspond to the irreducible Brauer characters in the principal
series. The column labeled by A1 corresponds to the irreducible Brauer character in the unique
Harish-Chandra series associated with the Levi subgroup LQ and the column labeled by A˜1
corresponds to the irreducible Brauer character in the unique Harish-Chandra series associated
with LP . The remaining columns (labeled by “c”) correspond to cuspidal unipotent Brauer char-
acters. In all of the following tables, zeros are replaced by dots.
Theorem 3.1. The 2-decomposition matrices for 3D4(q), q odd, are as follows:
E2(G,1): There are exactly 7 irreducible Brauer characters in E2(G,1) and after a suitable
arrangement of rows and columns, we have the following decomposition numbers:
Degrees Char. φ1 φ2 φ3 φ4 φ5 φ6 φ7
ps A1 c ps c A˜1 c
1 1 1 . . . . . .
q(q4 − q2 + 1) [ε1] 1 1 . . . . .
1
2 q
3(q − 1)2(q4 − q2 + 1) 3D4[1] . . 1 . . . .
1
2 q
3(q + 1)2(q2 − q + 1)2 [ρ1] . . 1 1 . . .
1
2 q
3(q + 1)2(q4 − q2 + 1) [ρ2] . . . 1 1 . .
q7(q4 − q2 + 1) [ε2] 1 . . . . 1 .
q12 St 1 1 a . b 1 1
with 0 a, b q .
E2(G, s3): Let s ∈ G∗ be semisimple of odd order of type s3 such that E2(G, s) = {χ3,1, χ3,St }.
There are exactly 2 irreducible Brauer characters in E2(G, s) and we have the following decom-
position numbers:
Degrees Char. φ3,1 φ3,2
(q + 1)(q8 + q4 + 1) χ3,1 1 .
q3(q + 1)(q8 + q4 + 1) χ3,St 1 1
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χ4,St }. There are exactly 3 irreducible Brauer characters in E2(G, s) and we have the following
decomposition numbers:
Degrees Char. φ4,1 φ4,2 φ4,3
(q3 + 1)(q2 − q + 1)(q4 − q2 + 1) χ4,1 1 . .
q(q + 1)(q3 + 1)(q2 − q + 1)(q4 − q2 + 1) χ4,qs . 1 .
q3(q3 + 1)(q2 − q + 1)(q4 − q2 + 1) χ4,St 1 . 1
E2(G, s5): Let s ∈ G∗ be semisimple of odd order of type s5 such that E2(G, s) = {χ5,1, χ5,St }.
There are exactly 2 irreducible Brauer characters in E2(G, s) and we have the following decom-
position numbers:
Degrees Char. φ5,1 φ5,2
(q3 + 1)(q8 + q4 + 1) χ5,1 1 .
q(q3 + 1)(q8 + q4 + 1) χ5,St 1 1
E2(G, s7): Let s ∈ G∗ be semisimple of odd order of type s7 such that E2(G, s) = {χ7,1, χ7,St }.
There are exactly 2 irreducible Brauer characters in E2(G, s) and we have the following decom-
position numbers:
Degrees Char. φ7,1 φ7,2
(q − 1)(q8 + q4 + 1) χ7,1 1 .
q3(q − 1)(q8 + q4 + 1) χ7,St 1 1
E2(G, s9): Let s ∈ G∗ be semisimple of odd order of type s9 such that E2(G, s) = {χ9,1, χ9,qs′ ,
χ9,St }. There are exactly 3 irreducible Brauer characters in E2(G, s) and we have the following
decomposition numbers:
Degrees Char. φ9,1 φ9,2 φ9,3
(q3 − 1)(q2 + q + 1)(q4 − q2 + 1) χ9,1 1 . .
q(q − 1)(q3 − 1)(q2 + q + 1)(q4 − q2 + 1) χ9,qs′ . 1 .
q3(q3 − 1)(q2 + q + 1)(q4 − q2 + 1) χ9,St 1 c 1
with c = 1 if q ≡ 1 mod 4 and c = 2 if q ≡ −1 mod 4.
E2(G, s10): Let s ∈G∗ be semisimple of odd order of type s10 such that E2(G, s) = {χ10,1, χ10,St }.
There are exactly 2 irreducible Brauer characters in E2(G, s) and we have the following decom-
position numbers:
Degrees Char. φ10,1 φ10,2
(q3 − 1)(q8 + q4 + 1) χ10,1 1 .
q(q3 − 1)(q8 + q4 + 1) χ10,St 1 1
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that E2(G, s) = {χi}. There is exactly one irreducible Brauer character in E2(G, s) and we have
the following decomposition numbers:
Char. φi,1
χi 1
4. Proofs: Decomposition matrices
In the proof of Theorem 3.1, we will consider the following projective characters:
(a) Let γT , γLP , γLQ , γG be the Gelfand–Graev characters of the Levi subgroups T , LP , LQ,
G, respectively. These characters are projective since they are induced from subgroups of odd
order. Let γB , γP , γQ be the lifts of the first three of these characters to B , P , Q, respectively. Be-
cause Harish-Chandra induction preserves projectives (see [13, p. 221]), the induced characters
γGB , γ
G
P and γ
G
Q are characters of projective modules, too.
(b) N. Kawanaka has defined generalized Gelfand–Graev representations (GGGR’s) for any
finite group of Lie type in good characteristic. The values of the characters of these GGGR’s
for 3D4(q) and many of their properties have been determined by M. Geck in [6]. We denote
these characters in the same way as M. Geck in [6, Section 3], by γ1, γu1 , γu2 , γu3 , γu4 , γu5 , γu6 .
In particular, γu6 = γG is the Gelfand–Graev character of G. The characters γ1, γu1, . . . , γu6 are
projective characters of G, since they are induced from subgroups of odd order.
(c) We will also consider the characters of the modified GGGR’s of G, which are described
in [6, Section 4]. We denote these 4 characters in the same way as M. Geck in [6, Section 4],
by γ˜(u3,0), γ˜(u3,1), γ˜(u4,0), γ˜(u4,1). We claim, that γ˜(u3,0) + γ˜(u3,1) and γ˜(u4,0) + γ˜(u4,1) are also
projective. For this, we recall some facts about the construction of γ˜(u,k) (u ∈ {u3, u4}, k = 0,1).
In [6, Section 4], M. Geck constructs a subgroup MF of LP with |MF | = 2(q2 + q + 1) and
an irreducible character χ˜u3 of UPMF . The group MF is a semidirect product of a subgroup
〈h〉 of order 2 and a subgroup M0F of order q2 + q + 1. Let δ be the non-trivial linear character
of 〈h〉, regarded as a character of UPMF with UPM0F in the kernel. Then γ˜(u3,k) = (χ˜u3 ⊗δk)G,
k = 0,1. Corollary (6.17) in [16] implies γ˜(u3,0) + γ˜(u3,1) = ϕG3 , where ϕ3 := (χ˜u3)UPM0F is the
restriction of χ˜u3 to UPM0
F
. Thus, γ˜(u3,0) + γ˜(u3,1) is the character of a projective module,
since it is induced from the subgroup UPM0
F
of the odd order (q2 + q + 1)|UP |. Similarly,
γ˜(u4,0) + γ˜(u4,1) is the character of a projective module, since it is induced from a subgroup of the
odd order (q2 − q + 1)|UP |.
We will use some scalar products of γGB , γ
G
P , γ
G
Q , the characters of the GGGR’s and the modi-
fied GGGR’s with the complex irreducible characters of G. The scalar products of the characters
of the GGGR’s with the irreducible characters of G have been computed by M. Geck in [6, Ta-
ble 3.3]. The values of the characters of the modified GGGR’s have been determined by M. Geck
in [5, Tafel 3.11.3], and the scalar products of these characters with the unipotent characters of G
are given in the table on p. 3258 in [6]. Since the conjugacy classes of B , P , Q and their fusions
in G are known (see [11], Tables A.4, A.8 and A.12), the values of γGB , γGP , γGQ and the scalar
products of these characters with the irreducible characters of G can be computed easily using
CHEVIE. These scalar products are given in Table A.16 in Appendix A (see also table on p. 3262
in [6]).
In the proof of Theorem 3.1, we will use the decomposition numbers of the Hecke algebra
H corresponding to the permutation module on the cosets of the Borel subgroup B in G. By a
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of E2(G,1). The decomposition numbers ofH can be computed in the same way as it is described
in Section 5 of [6]: Let 1B be the trivial RB-module, and V := 1GB be the corresponding RG-
permutation module with ordinary character ϑ . By [6, p. 3259], we have
ϑ = 1 + [ε1] + 2[ρ1] + 2[ρ2] + [ε2] + St.
Let H := EndRG(V ) be the Hecke algebra of V . Then H has a natural R-basis {Tw | w ∈ W 1}
(see [6, pp. 3259 and 3260]) and we write Tγ for Twγ , if γ ∈ {α,β}. In [6, Section 5], M. Geck
constructs irreducible representations ind, sgn, σ1, σ2, S1, S−1 of H affording irreducible repre-
sentations of HK := K ⊗R H (by extending scalars), which we will also denote by ind, sgn, σ1,
σ2, S1, S−1, respectively. The 1-dimensional of these representations are
ind:
{
Tα → q3,
Tβ → q,
sgn:
{
Tα → −1,
Tβ → −1, σ1:
{
Tα → −1,
Tβ → q, σ2:
{
Tα → q3,
Tβ → −1
and for ε = ±1 there are the following 2-dimensional representations:
Sε :Tα →
(
q3 0
q2 + εq + 1 −1
)
, Tβ →
(−1 q
0 q
)
.
There is a natural bijection (“Fitting correspondence”) between the (isomorphism classes of)
irreducible representations of HK and the irreducible constituents of ϑ . This correspondence
has been determined explicitly in [6, Section 5]: The representations ind, sgn, σ1, σ2, S1, S−1
correspond to the unipotent characters 1, St, [ε2], [ε1], [ρ1], [ρ2], respectively.
The following proposition determines the decomposition numbers of H:
Proposition 4.1. For each R-representation S of H, denote by S the corresponding representa-
tion of Hk := k ⊗R H, obtained by reduction modulo 2. Then we have:
(i) ind, sgn, σ1, σ2 are irreducible and equal to each other,
(ii) S1, S−1 are also irreducible and equal to each other.
Proof. The proof of Proposition 5.1 in [6] for  | q + 1 carries over to l = 2. 
Now, we are ready to begin with the proof of Theorem 3.1.
4.1. The proof for E2(G,1)
We get an approximation to the decomposition matrix from the following scalar products
of basic set characters with projective characters (see Tables 3.3, 4.2 in [6] and Table A.16 in
Appendix A):
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B
γG
Q
γ˜(u3,0) + γ˜(u3,1) γGP γ˜(u4,0) + γ˜(u4,1) γu5 γu6
1 1 . . . . . .
[ε1] 1 1 . . . . .
3D4[1] . . 1 . . . .
[ρ1] 2 1 1 1 . . .
[ρ2] 2 1 . 1 1 . .
[ε2] 1 . . 1 . 1 .
St 1 1 q 1 q q 1
In particular, there are exactly 7 irreducible Brauer characters in E2(G,1). Let Φ1, . . . ,Φ7 be the
characters of the corresponding projective indecomposable modules. From the above approxima-
tion to the decomposition matrix we already get the assertions about Φ5 and Φ7 in Theorem 3.1.
Furthermore, Corollary 4.10 in [4] and Proposition 4.1 imply the assertions about Φ1 and Φ4. It
follows, that Φ4 is not a summand of γ˜(u3,0) + γ˜(u3,1), and therefore (Φ3, [ρ1]) = 1. This proves
all assertions about Φ3 in Theorem 3.1. Next, Φ6 has to be a summand of γGP , which implies
(Φ6,St) 1.
Let 2d ′ be the highest power of 2 dividing (q3 − 1)(q + 1) (notice: 2d ′ is also the high-
est power of 2 dividing (q3 + 1)(q − 1)). Then there is an element 0 = t ∈ F of order 2d ′ ,
such that t (q3−1)(q+1) = 1, tq3−1 = 1, tq+1 = 1 and t (q3+1)(q−1) = 1, tq3+1 = 1, tq−1 = 1 (see
[3, Table 2.1]). So the characters in the geometric conjugacy classes E(G, s8(t)) and E(G, s11(t))
lie in E2(G,1). We have the following relations on the 2-regular conjugacy classes (we omit the
“˘” for better readability):
3D4[−1] = 3D4[1] − [ρ1] + [ρ2], (1)
χ8 = −1 + [ε1] − [ε2] + St, (2)
χ11 = −1 − [ε1] + [ε2] + St. (3)
From (2), we get (Φ6,St) 1 and hence (Φ6,St)= 1, proving all assertions about Φ6. From (3),
we obtain (Φ2,St) = 1. If (Φ2, [ρ1]) = 0 then Φ4 is a summand of γGQ and we also have
(Φ2, [ρ2]) = 0. If (Φ2, [ρ1]) = 1 then the relation (1) implies (Φ2, [ρ2]) = 1. Hence, the de-
composition matrix of the unipotent characters has the form:
Char. φ1 φ2 φ3 φ4 φ5 φ6 φ7
1 1 . . . . . .
[ε1] 1 1 . . . . .
3D4[1] . . 1 . . . .
[ρ1] . x 1 1 . . .
[ρ2] . x . 1 1 . .
[ε2] 1 . . . . 1 .
St 1 1 a . b 1 1
with 0 x  1. We have not been able to determine x using only projective characters. Instead,
we use module theoretic methods. For a subgroup H of G and an RH -lattice M , we write M :=
k⊗R M for the reduction of M modulo 2. If L is a Levi subgroup of G and M an RL-lattice, we
write u(M) for the unipotent quotient of M (see [13, Section 6]) and we set u(M) := u(M).
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tion, φ1 and φ4 are the irreducible Brauer characters which belong to the principal series. Now
we can express φ3, φ5 and φ7 as a linear combination of unipotent characters on the 2-regular
classes (notice: the terms involving x cancel). Using CHEVIE and the character tables of B , P ,
Q in [11], we can verify ((φi)U ,1U) = ((φi)UP ,1UP ) = ((φi)UQ,1UQ) = 0 for i = 3,5,7. By
Lemma 4.1 in [13], this means that φ3, φ5 and φ7 are cuspidal.
Next, we prove the assertion about the Harish-Chandra series of φ2. The character table of the
Levi subgroup LQ is given in [10, Tabelle A.39]. The group LQ has exactly 2 unipotent char-
acters: the trivial character 1LQ and the Steinberg character StLQ (there should be no confusion
with the restriction of the Steinberg character of G to LQ). The decomposition numbers of the
unipotent characters of LQ are:
Char. ϕ1 ϕSt
1LQ 1 .
StLQ 1 1
where ϕ1 is the trivial Brauer character of LQ and ϕSt is a modular irreducible unipotent Brauer
character of LQ of degree q − 1. (The decomposition numbers of StLQ can be seen as follows:
LQ projects onto PGL2(q), and, under this projection, the Steinberg character of LQ corresponds
to the Steinberg character of PGL2(q), for which the 2-modular reduction is well known.) Ex-
pressing ϕSt as a linear combination of the unipotent characters of LQ on the 2-regular classes
we can verify ((ϕSt )ULQ ,1ULQ )= 0. This shows that ϕSt is the unique cuspidal unipotent Brauer
character of LQ.
By abuse of notation, we denote the irreducible kLQ-module with Brauer character ϕSt by
ϕSt , too. Let ΓLQ be the projective RLQ-lattice affording the Gelfand–Graev representation
of LQ over R and let Y be the projective indecomposable direct summand of ΓLQ in the principal
block of LQ. Furthermore, let X := u(ΓLQ) be the unipotent quotient of ΓLQ . Note that ΓLQ is
an RLQ-lattice for the Gelfand–Graev character γLQ and X is an RLQ-lattice for the Steinberg
character StLQ . In particular, the composition factors of X are: ϕ1 and ϕSt .
We can easily determine the Loewy structure of X: Since taking unipotent quotients commutes
with direct sums (see Section 6 in [13]), we have
X ∼= u(ΓLQ)∼= u(Y ) ∼= u(Y )
and therefore, X is a factor of Y , the projective cover of ϕSt . Since head(Y ) ∼= ϕSt we conclude
that X is uniserial with socle ϕ1 and head ϕSt .
Since ϕSt is a factor module of X, the Harish-Chandra induced module RGLQ(ϕSt ) is a factor
module of the Harish-Chandra induced module RGLQ(X). In particular, each simple module in
the head of RGLQ(ϕSt ) occurs in the head of R
G
LQ
(X). By Section 2.2 in [7], the simple modules
in the head of RGLQ(ϕSt ) are exactly those irreducible modules of G which belong to the Harish-
Chandra series A1. Since taking unipotent quotients commutes with Harish-Chandra induction
and direct sums (see Section 6 in [13]), we have
RGL (X)
∼=RG (u(ΓLQ))∼= u(RG (ΓLQ) ).Q LQ LQ
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∼= u(Φ2) or RGLQ(X) ∼= u(Φ2)⊕ u(Φ4) and therefore head(RGLQ(X)) ∼=
φ2 or head(RGLQ(X))
∼= φ2 ⊕ φ4 (where we write φi for the irreducible kG-module with Brauer
character φi ). Since φ4 belongs to the principal series, we get head(RGLQ(ϕSt ))∼= φ2. So φ2 is the
unique irreducible Brauer character of G in the Harish-Chandra series A1.
Now, we start with the proof of x = 0. Let 1T be the trivial RT -module. We consider the
Harish-Chandra induced RLQ-lattice R
LQ
T (1T ) and show that it has a pure sublattice isomorphic
with X. (In fact, we mimic the proof of Proposition 4.2 in [9]).
The RLQ-lattice R
LQ
T (1T ) has the character 1LQ + StLQ . By the Zassenhaus–Thompson
Lemma (Theorem I.17.3 in [18]) RLQT (1T ) has a pure sublattice Z with character StLQ . The
decomposition numbers of LQ imply that the composition factors of Z are ϕ1 and ϕSt . Since ϕSt
is cuspidal, ϕSt cannot occur in the socle of R
LQ
T (1T ) (see Section 2.2 in [7]). Thus, Z is uniserial
with socle ϕ1 and head ϕSt . Since the projective kLQ-module Γ LQ has the projective cover Y of
ϕSt as a direct summand, there is a surjective homomorphism Γ LQ → Z of kLQ-modules. By
Theorem I.14.7 in [18] this surjection can be lifted to a surjection ΓLQ → Z. Uniqueness of the
unipotent quotient implies X ∼= Z as RLQ-lattices.
Next, we collect some information on the structure of RGT (1T ). Let ΓT be the projective
RT -lattice affording the Gelfand–Graev representation of T over R (which is just the regular
representation of T over R). Then ΓT is an RT -lattice for the Gelfand–Graev character γT and
u(ΓT ) = 1T . Since taking unipotent quotients commutes with direct sums and Harish-Chandra
induction we have:
RGT (1T )∼=RGT (1T )∼=RGT
(
u(ΓT )
)∼= u(RGT (ΓT ))∼= u(Φ1)⊕ u(Φ4)⊕ u(Φ4).
Hence
RGT (1T )∼=Q1 ⊕Q′4 ⊕Q′′4,
where Q1, Q′4, Q′′4 are submodules of R
G
T (1T ) with head(Q1)∼= φ1, head(Q′4)∼= head(Q′′4)∼= φ4
and Q1 has the composition factors 4 · φ1 + 2 · φ2 + a · φ3 + b · φ5 + 2 · φ6 + φ7 and each
of Q′4 and Q′′4 has the composition factors 2x · φ2 + φ3 + 2 · φ4 + φ5. Because of their simple
heads Q1, Q′4 and Q′′4 are indecomposable. Hence, Q1, Q′4 and Q′′4 are Harish-Chandra modules
in the sense of Definition 2.10 in [7]. By Proposition 2.11 in [7] we get soc(Q1) ∼= φ1 and
soc(Q′4)∼= soc(Q′′4)∼= φ4. We define the submodule Q4 :=Q′4 ⊕Q′′4 of RGT (1T ) and get
RGT (1T )=Q1 ⊕Q4 (4)
with soc(Q1)∼= φ1 and soc(Q4)∼= φ4 ⊕ φ4.
Since Z is a pure sublattice of RLQT (1T ) it follows that R
G
LQ
(Z) is a sublattice of RGT (1T ) with
character RGLQ(StLQ) = [ε1] + [ρ1] + [ρ2] + St. Again, by the Zassenhaus–Thompson Lemma,
RGLQ
(Z) has a pure sublattice with character [ε1] + St and a pure sublattice with character
[ρ1] + [ρ2]. Thus, RGLQ(Z) has submodules U1, U2 with composition factors 2 · φ1 + 2 · φ2 +
a · φ3 + b · φ5 + φ6 + φ7 and 2x · φ2 + φ3 + 2 · φ4 + φ5, respectively.
Let π1 :RGT (1T )→ Q1 be the projection of RGT (1T ) onto Q1 with kernel Q4 according to the
direct sum decomposition (4). Suppose U2 ⊆Q4. Then, π1(U2) would be a non-zero submodule
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and also of U2, a contradiction. Therefore, U2 ⊆Q4. Similarly, we get U1 ⊆Q1. Hence,
RGLQ(Z)=U1 ⊕U2.
In particular, RGLQ(Z) is not indecomposable. Thus,
u
(
RGLQ(Γ LQ)
)∼= RGLQ(u(Γ LQ))∼=RGLQ(X)∼=RGLQ(Z)
is not indecomposable. It follows that RGLQ(Γ LQ) has at least two principal indecomposable
direct summands corresponding to unipotent Brauer characters. Hence, γGQ contains Φ2 and Φ4,
which implies x = 0.
Using the character table of LP given in [11, Table 5.6] and the same arguments as for φ2 it is
straightforward to prove that φ6 belongs to the Harish-Chandra series A˜1. This finishes the proof
of the assertions about the unipotent characters of G in Theorem 3.1.
4.2. The proof for E2(G, s3)
We have the following scalar products of basic set characters with projective characters (see
Table 3.3 in [6] and Table A.16 in Appendix A):
γG
Q
γu6
χ3,1 3 .
χ3,St 3 1
Let Φ3,1,Φ3,2 be the characters of the projective indecomposable modules corresponding to
the irreducible Brauer characters φ3,1, φ3,2. From the above scalar products we can conclude
(Φ3,1, χ3,1)= 1, (Φ3,1, χ3,St ) 1 and (Φ3,2, χ3,1)= 0, (Φ3,2, χ3,St )= 1. We have the following
relation on the 2-regular conjugacy classes: χ11 = −χ3,1 +χ3,St , which implies (Φ3,1, χ3,St ) 1
and hence (Φ3,1, χ3,St )= 1.
4.3. The proof for E2(G, s4)
We have the following scalar products of basic set characters with projective characters (see
Table 3.3 in [6] and Table A.16 in Appendix A):
γG
P
γG
Q
γu6
χ4,1 1 . .
χ4,qs 2 2 .
χ4,St 1 2 1
Let Φ4,1,Φ4,2,Φ4,3 be the characters of the projective indecomposable modules correspond-
ing to the irreducible Brauer characters φ4,1, φ4,2, φ4,3. Hence, (Φ4,1, χ4,1) = (Φ4,2, χ4,qs) =
(Φ4,3, χ4,St )= 1 and from the above scalar products we conclude (Φ4,1, χ4,St ), (Φ4,2, χ4,St ) 1.
We have the following relation on the 2-regular conjugacy classes: χ8 = −χ4,1 + χ4,St , which
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which belongs to E2(G, s4) is as follows:
φ4,1 φ4,2 φ4,3
χ4,1 1 . .
χ4,qs x 1 .
χ4,St 1 y 1
where x, y are integers with 0 x  2 and 0 y  1. To determine x and y we use C. Bonnafé’s
and R. Rouquier’s Jordan decomposition [1, Théorème 11.8] (which is applicable here since 2
is the only bad prime for a root system of type D4, see the remarks after Théorème 11.8 in [1]):
Lusztig induction induces a 1–1-correspondence between the sets E2(G, s4) and E2(CG(s4)F ,1)
of complex irreducible characters, and with respect to this correspondence the decomposition
matrices of E2(G, s4) and E2(CG(s4)F ,1) coincide (after a suitable ordering of the columns).
By Table 2.2b in [3] there is a cyclic central subgroup Sσ of CG(s4) := CG(s4)F such that
CG(s4)/Sσ ∼= PGL3(q) (note that SL3(q) ∼= PGL3(q) if q ≡ 1 mod 3). The group PGL3(q) has
3 unipotent irreducible characters χ1, χq2+q and χq3 , where χ1 is the trivial character, χq3 is the
Steinberg character and χq2+q has degree q2 + q . By inflation we can interpret these characters
as characters of GL3(q) and can read off their decomposition numbers from the decomposition
matrix of GL3(q) (which is given in Appendix 1 in [17]):
χ1 1 . .
χ
q2+q . 1 .
χ
q3 1 . 1
which implies x = y = 0.
4.4. The proof for E2(G, s5)
Analogous to E2(G, s3) using the projective characters γGP and γu6 and the relation χ8 =−χ5,1 + χ5,St .
4.5. The proof for E2(G, s7)
Analogous to E2(G, s3) using the projective characters γGQ and γu6 and the relation χ15 =−χ7,1 + χ7,St .
4.6. The proof for E2(G, s9)
We get an approximation to the decomposition matrix from the following scalar products of
basic set characters with projective characters (see Table 3.3 in [6] and Table A.16 in Appen-
dix A):
γG
P
γu5 γu6
χ9,1 1 . .
χ9,qs′ . 1 .
χ9,St 1 q + 1 1
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to the irreducible Brauer characters φ9,1, φ9,2, φ9,3. We have the following relations on the 2-
regular conjugacy classes:
χ10,St = −χ9,qs′ + χ9,St , (5)
χ15 = −χ9,1 − 2χ9,qs′ + χ9,St , (6)
where the last relation is valid only if q ≡ −1 (mod 4). This implies (Φ9,2, χ9,St )  1. If q ≡
−1 (mod 4), then we even have (Φ9,2, χ9,St )  2. Thus, the part of the decomposition matrix
which belongs to E2(G, s9) is as follows:
φ9,1 φ9,2 φ9,3
χ9,1 1 . .
χ9,qs . 1 .
χ9,St x y 1
with 0  x  1 and 1  y  q + 1. To determine x and y we use again C. Bonnafé’s and
R. Rouquier’s Jordan decomposition. Lusztig induction induces a 1–1-correspondence between
the sets E2(G, s9) and E2(CG(s9)F ,1) of complex irreducible characters, and with respect to this
correspondence the decomposition matrices of E2(G, s9) and E2(CG(s9)F ,1) coincide (after a
suitable ordering of the columns).
By Table 2.2b in [3] there is a cyclic central subgroup Sσ of CG(s9) := CG(s9)F such that
CG(s9)/Sσ ∼= PGU3(q) (note that SU3(q) ∼= PGU3(q) if q ≡ −1 mod 3). The group PGU3(q)
has 3 unipotent irreducible characters χ1, χq2−q and χq3 , where χ1 is the trivial character,
χq3 is the Steinberg character and χq2−q has degree q2 − q . The decomposition numbers of
these characters have been determined in [14]:
χ1 1 . .
χ
q2−q . 1 .
χ
q3 1 c 1
with c = 1 if q ≡ 1 and c = 2 if q ≡ −1 (mod 4). This implies x = 1 and y = c.
4.7. The proof for E2(G, s10)
Analogous to E2(G, s3) using the projective characters γGP and γu6 and the relation χ15 =−χ10,1 + χ10,St .
4.8. The proof for E2(G, si), i = 6,8,11,12,13,14,15
Obvious. 
Remark. Instead of our “elementary” approach based on projective characters, the decomposi-
tion numbers of all non-unipotent blocks could have also been determined using Bonnafé’s and
Rouquier’s Jordan decomposition.
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As in the previous sections, we fix an odd prime power q = pn and let G= 3D4(q) be Stein-
berg’s triality groups. For each prime  = p or  = 0, let d(G) denote the smallest integer d > 1
such that G has an irreducible representation of degree d over a field of characteristic .
The value of d(G) has been determined by F. Lübeck in [20, Section 4.4] for  = 2, and by
K. Magaard, G. Malle and P.H. Tiep in [21, Section 4] for  | q + 1:
d(G)=
{
q5 − q3 + q − 1 if  | q + 1,
q5 − q3 + q else.
The following theorem classifies all absolutely irreducible representations of G in non-
defining characteristic of degree smaller than d(G)2. As mentioned in the introduction, this
solves Problem 1.3 in [24] and Problem 5.1 in [25] for G= 3D4(q), q odd.
Theorem 5.1. Tables A.1–A.13 in Appendix A show the degrees deg(ρ) and Brauer characters
of all non-trivial absolutely irreducible representations ρ of G over fields of characteristic  = p
satisfying the condition deg(ρ) < d(G)2.
Proof. The idea of the proof is as follows: The results of M. Geck in [6] and Theorem 3.1 of
this paper determine almost all irreducible Brauer characters of G in non-defining characteristic
and in particular their degrees. We show that the remaining unknown degrees are greater or equal
to d(G)2.
To achieve this, we use techniques similar to those of F. Lübeck in [20]: By decomposing
projective characters into ordinary irreducible characters we obtain upper bounds (usually de-
pending on q) for the unknown decomposition numbers. These bounds lead to lower bounds for
the unknown degrees and eventually show, that these degrees are greater or equal to d(G)2.
Some of these projective characters are taken from M. Geck [6], others are constructed by in-
ducing defect-0-characters from parabolic subgroups of G. To calculate these characters we use
generic character tables of parabolic subgroups and Maple programs written by the author for
inducing class functions. These character tables and programs are based on the Maple [2] part of
the CHEVIE [8] package (see [11]).
The case   |G|: All degrees can be read off from Table 4.4 in [3] or the character table of G
in the CHEVIE library (see also F. Lübeck [20, Section 5.4]).
The case 2,3 =  | q − 1: In this case, Proposition 5.3 and Tables (6.1)–(6.8) in [6] determine
all decomposition numbers of G. Hence, the degrees can be read off from the degrees of the
ordinary characters.
The case 2,3 =  | q + 1: In this case, Proposition 5.3 and Tables (6.1)–(6.8) in [6] determine
all decomposition numbers of G except for two decomposition numbers a and b in the Steinberg
character (and one decomposition number in E2(G, s9)).
From the character table of the maximal parabolic subgroup P of G which is given in Ta-
ble A.10 in [11] we see that P χ10, P χ13 ∈ Irr(P ) are defect-0 characters of P . Using CHEVIE
we can compute the scalar products of the induced characters P χG10, P χ
G
13 with the unipotent
characters of G (see also Tabelle A.48 in [10]):
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P χ
G
10 0 0 0 0 0 1 0
q−1
2
P χ
G
13 0 0 0 0 1 0 0
q−1
2
Hence, a, b (q − 1)/2. From this upper bound we get a lower bound for the degree of the only
unknown -modular irreducible unipotent Brauer character φ8:
deg(φ8)= deg(St)− deg(φ1)− deg(φ2)− a · deg(φ5)− b · deg(φ6)− deg(φ7)
 q12 − q11 − 1
2
q10 + 2q9 − 1
2
q8 − q7 − 1
2
q5 − q4 + 3
2
q3 − q + 1 > d(G)2
for all q  3. (In a similar way, using the projective character γu5 in [6, Table 3.3], one can show
that the degrees of the unknown irreducible Brauer characters in E2(G, s9) are strictly bigger than
d(G)
2
.)
The case 3 =  | q2 + q + 1: In this case, Proposition 5.3 and Tables (6.1)–(6.8) in [6] and
Satz 6.2.5 in [10] determine all irreducible -modular Brauer characters of G, except for one
irreducible character. Furthermore, Satz 6.2.2 and Satz 6.2.5 in [10] give upper bounds for the
missing decomposition numbers b and c:
b
(
q2 − q)/2 and c q.
These bounds are not good enough to determine all degrees less than (G)2. We can improve
the upper bound for c as follows: From the character table of the maximal parabolic subgroup
Q of G which is given in Table A.14 in [11] we see that Qχ10 ∈ Irr(Q) is a defect-0 character
of Q. Using CHEVIE we can compute the scalar products of the induced character QχG10 with the
unipotent characters of G:
1 [ε1] [ρ1] [ρ2] 3D4[−1] 3D4[1] [ε2] St
Qχ
G
10 0 0 1 0 0 0 q + 1 q
2+q
2 + 1
Hence, QχG10 =Φ3 + q ·Φ7 +B ·Φ8 +Ψ , where Φ3, Φ7, Φ8 are the characters of the projective
indecomposable modules corresponding to the irreducible unipotent Brauer characters φ3, φ7,
φ8, B is a non-negative integer and Ψ is a projective character which belongs to non-unipotent
blocks. Thus qc q
2+q
2 + 1 and
c (q + 1)/2.
(Note: Since c  2 by [6], this proves c = 2 if q = 3.) These bounds for b, c imply deg(φ8) >
d(G)
2
, and φ8 is the only -modular irreducible Brauer character of G whose degree is not
known.
The case 3 =  | q2 − q + 1: In this case, Proposition 5.3, Tables (6.1)–(6.8) in [6] and
Satz 6.2.4 in [10] determine all decomposition numbers of G except for three decomposition
numbers b, c and d in the Steinberg character (and one decomposition number in E2(G, s9)). The
upper bounds for b, c and d given in Satz 6.2.1 and Satz 6.2.4 in [10] imply deg(φ8) > d(G)2,
and φ8 is the only -modular irreducible unipotent Brauer character of G whose degree is not
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unknown irreducible Brauer characters in E2(G, s9) are strictly bigger than d(G)2.)
The case  | q4 − q2 + 1: In this case, Proposition 5.3 and Tables (6.1)–(6.8) in [6] determine
all decomposition numbers of G. Hence, the degrees can be read off from the degrees of the
ordinary characters.
The case  = 3 | q − 1: In this case, Proposition 5.3 in [6] and Tables (6.1)–(6.8) in [6] de-
termine all decomposition numbers of G except for three decomposition numbers a, b, c in the
unipotent character [ε2] and the Steinberg character. From the character table of the maximal
parabolic subgroup Q of 3D4(q) which is given in Table A.14 in [11] we see that Qχ12 ∈ Irr(Q)
is a defect-0 character of Q. Using CHEVIE we can compute the scalar products of the induced
character QχG12 with the unipotent characters of G:
1 [ε1] [ρ1] [ρ2] 3D4[−1] 3D4[1] [ε2] St
Qχ
G
12 0 0 0 0 0 1 q
q2−q
2
In conjunction with Proposition 5.3 in [6] this gives us the bounds
1 a  q and 0 b
(
q2 − q)/2.
From the scalar products of the projective character γ ′(u3,0) with the unipotent characters (see [6,
p. 3259]) we get
γ ′(u3,0) =Φ3 +
q2 + q − 2
2
·Φ7 +B ·Φ8 +Ψ,
where Φ3, Φ7, Φ8 are the characters of the projective indecomposable modules corresponding
to the irreducible unipotent Brauer characters φ3, φ7, φ8, B is a non-negative integer and Ψ
is a projective character which belongs to non-unipotent blocks. This implies q2+q−22 c q
3+1
2
and therefore c q
3+1
q2+q−2 = q − q
2−2q−1
q2+q−2 and thus c  q − 1. These bounds for a, b, c imply
deg(φ7),deg(φ8) > d(G)2, and φ7, φ8 are the only -modular irreducible Brauer character of G
whose degrees are not known.
The case  = 3 | q + 1: In this case, Proposition 5.3 in [6] and Tables (6.1)–(6.8) in [6]
determine all decomposition numbers of G except for four decomposition numbers a, b, c, d
in the unipotent character [ε2] and the Steinberg character (and one decomposition number in
E2(G, s9)). Proposition 5.3 in [6] and the projective characters γ ′(u4,1) (see [6, p. 3259]) and P χG10(induced defect-0-character) give us
0 a 
(
q2 − q)/2, a + 1 b (q3 − 1)/2 and 1 c (q − 1)/2.
From the character table of the maximal parabolic subgroup Q of 3D4(q) which is given in
Table A.14 in [11] we see that Qχ10 ∈ Irr(Q) is a defect-0 character of Q. From the scalar
products of Qχ10 ∈ Irr(Q) with the unipotent characters (see the case 3 =  | q2 + q + 1) we get
Qχ
G
10 =Φ3 + (q + 1) ·Φ7 +B ·Φ8 +Ψ,
where Φ3, Φ7, Φ8 are the characters of the projective indecomposable modules corresponding to
the irreducible unipotent Brauer characters φ3, φ7, φ8, B is a non-negative integer and Ψ is a pro-
jective character which belongs to non-unipotent blocks. This implies (q + 1)d  q2+q + 1 and2
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d(G)
2
, and φ7, φ8 are the only -modular irreducible Brauer character of G whose degrees are
not known. (Note: Since d  1 by [6], the bounds also prove d = 1 if q = 3.)
The case = 2: In this case, Theorem 3.1 determines all decomposition numbers of G except
for two decomposition numbers a, b in the Steinberg character. The upper bounds for a, b in
Theorem 3.1 imply deg(φ7) > d(G)2, and φ7 is the only -modular irreducible Brauer character
of G whose degree is not known. 
For the convenience of the reader, we rearranged the data in Tables A.1–A.13 in Appendix A
into Table A.14, which in some sense provides a converse to Tables A.1–A.13. The left column
of Table A.14 lists all integers t with
1 < t < min
 =p d(G)
2 = (q5 − q3 + q − 1)2
such that G has an absolutely irreducible representation of degree t over a field of characteris-
tic = p. The right column specifies the characteristics of the fields over which the respective
representations are defined. An entry “  x” for an integer x indicates that a representation of
this degree exists for all characteristics not dividing x, including characteristic 0. An entry “  x;
y no power of ” for some integers x, y indicates that a representation of this degree exists for
all characteristics not dividing x, including characteristic 0, but excluding those characteristics 
where y is a power of .
From Table A.14, it is straightforward to determine all integers t  20000 with the property
that there is a power q of an odd prime p such that G = 3D4(q) has a non-trivial absolutely
irreducible representation of degree t over a field of characteristic = p. These degrees are
summarized in Table A.15 in Appendix A. The right column of Table A.15 specifies the charac-
teristics of the fields over which the respective representations are defined. An entry “  x” for an
integer x indicates that a representation of this degree exists for all characteristics not dividing x
(including characteristic 0).
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Appendix A
A.1. Degrees of absolutely irreducible representations
For each  = p, Tables A.1–A.13 show the degrees deg(ρ) and Brauer characters of all ab-
solutely irreducible representations ρ of G := 3D4(pn), p odd, over fields of characteristic 
satisfying the condition 1 < deg(ρ) < d(G)2. The degrees of these Brauer characters are given
in the columns labeled Degree in increasing order.
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is based on the following conventions: If  = 2, then we take the notation of Theorem 3.1. If
 = 2,p is a divisor of |G|, then we choose our notation analogous to that of Theorem 3.1 based
on the triangular shape of the decomposition matrices of G: The irreducible unipotent Brauer
characters of G are denoted in the same way as in [6, Proposition 5.3] (the notation we use in
the case  | q4 − q2 + 1 should be obvious from the Brauer tree in [6, Proposition 5.3]). For
i = 2,3, . . . ,15 let φi,j denote the irreducible Brauer character in E(G, si) corresponding to
the j th column of the decomposition matrix in [6, Section 6]. Finally, if   |G|, we identify the
irreducible Brauer characters with the complex irreducible characters of G and use the notation
of [3, Section 4]. The columns labeled Mult. show the number of irreducible Brauer characters
of the respective degree.
For an integer m> 0 let m′ be the largest divisor of m which is prime to .
A.2. The case   |G| or 2,3 =  | q − 1
Table A.1
Non-trivial degrees < d(G)2 for q  5
Degree Character Mult.
  |G| 2,3 =  | q − 1
q5 − q3 + q [ε1] φ2 1
q8 + q4 + 1 χ2,1 φ2,1 1
1
2 q
3(q6 − 2q5 + 2q3 − 2q + 1) 3D4[1] φ6 1
1
2 q
3(q6 − 2q3 + 1) 3D4[−1] φ5 1
1
2 q
3(q6 + 2q3 + 1) [ρ1] φ3 1
1
2 q
3(q6 + 2q5 − 2q3 + 2q + 1) [ρ2] φ4 1
q9 − q8 + q5 − q4 + q − 1 χ7,1 φ7,1 q−12
q9 − q8 + 2q6 − q5 − q4 + 2q3 − q + 1 χ4,1 φ4,1 q
2+q
2
q9 + q5 + q χ2,St ′ φ2,3 1
q9 + q8 − 2q6 − q5 + q4 + 2q3 − q − 1 χ9,1 φ9,1 q
2−q
2
q9 + q8 + q5 + q4 + q + 1 χ3,1 φ3,1 (q−1)′−22
Table A.2
Non-trivial degrees < d(G)2 for q = 3
Degree Character Mult.
219 [ε1] 1
3942 3D4[1] 1
6643 χ2,1 1
9126 3D4[−1] 1
10584 [ρ1] 1
13286 χ7,1 1
14308 χ4,1 6
15768 [ρ2] 1
19929 χ2,St ′ 1
24674 χ9,1 3
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Table A.3
Non-trivial degrees < d(G)2
Degree Character Mult.
q5 − q3 + q − 1 φ2 1
q8 + q4 + 1 φ2,1 1
1
2q
3(q6 − 2q5 + 2q3 − 2q + 1) φ6 1
1
2q
3(q6 − 2q3 + 1) φ5 1
1
2q
3(q6 + 2q3 + 1) φ3 1
1
2q
3(q6 + 2q5 − 2q3 + 2q + 1) φ4 1
q9 − q8 + q5 − q4 + q − 1 φ2,3 1
q9 − q8 + q5 − q4 + q − 1 φ7,1 (q+1)′−22
q9 − q8 + 2q6 − q5 − q4 + 2q3 − q + 1 φ4,1 q
2+q
2
q9 + q8 − 2q6 − q5 + q4 + 2q3 − q − 1 φ9,1 q
2−q
2
q9 + q8 + q5 + q4 + q + 1 φ3,1 q−32
A.4. The case 3 =  | q2 + q + 1
Table A.4
Non-trivial degrees < d(G)2 for q  5
Degree Character Mult.
q5 − q3 + q φ2 1
q8 + q4 + 1 φ2,1 1
1
2q
3(q6 − 2q5 + 2q3 − 2q + 1) φ6 1
1
2q
3(q6 − 2q3 + 1) φ5 1
1
2q(q
8 + 2q5 − 2q4 + 3q2 − 2) φ3 1
1
2 (q
9 + 2q8 − 2q6 + 2q4 + q3 − 2) φ4 1
q9 − q8 + q5 − q4 + q − 1 φ7,1 q−12
q9 − q8 + 2q6 − q5 − q4 + 2q3 − q + 1 φ4,1 (q
2+q+1)′−1
2
q9 + q5 + q φ2,3 1
q9 + q8 − 2q6 − q5 + q4 + 2q3 − q − 1 φ9,1 q
2−q
2
q9 + q8 + q5 + q4 + q + 1 φ3,1 q−32
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Non-trivial degrees < d(G)2 for
q = 3 (which implies = 13)
Degree Character Mult.
219 φ2 1
3942 φ6 1
6643 φ2,1 1
9126 φ5 1
10365 φ3 1
13286 φ7,1 1
15767 φ4 1
19929 φ2,3 1
24674 φ9,1 3
A.5. The case 3 =  | q2 − q + 1
Table A.6
Non-trivial degrees < d(G)2 for q  5
Degree Character Mult.
q5 − q3 + q φ2 1
q8 + q4 + 1 φ2,1 1
1
2q
3(q6 − 2q5 + 2q3 − 2q + 1) φ6 1
1
2q
3(q6 − 2q3 + 1) φ5 1
1
2q
3(q6 + 2q3 + 1) φ3 1
1
2 (q
9 + 2q8 − 2q6 − 2q5 + 2q4 + 3q3 − 2q − 2) φ4 1
q9 − q8 + q5 − q4 + q − 1 φ7,1 q−12
q9 − q8 + 2q6 − q5 − q4 + 2q3 − q + 1 φ4,1 q
2+q
2
q9 + q5 + q φ2,3 1
q9 + q8 − 2q6 − q5 + q4 + 2q3 − q − 1 φ9,1 (q
2−q+1)′−1
2
q9 + q8 + q5 + q4 + q + 1 φ3,1 q−32
Table A.7
Non-trivial degrees < d(G)2 for
q = 3 (which implies = 7)
Degree Character Mult.
219 φ2 1
3942 φ6 1
6643 φ2,1 1
9126 φ5 1
10584 φ3 1
13286 φ7,1 1
14308 φ4,1 6
15548 φ4 1
19929 φ2,3 1
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Table A.8
Non-trivial degrees < d(G)2 for q  5
Degree Character Mult.
q5 − q3 + q φ[ε1] 1
q8 + q4 + 1 φ2,1 1
1
2 q
3(q6 − 2q5 + 2q3 − 2q + 1) φ3D4[1] 1
1
2 q
3(q6 − 2q3 + 1) φ
χ14,3D4[−1] 1
1
2 (q
9 + 2q6 + q3 − 2) φ[ρ1],St 1
1
2 q
3(q6 + 2q5 − 2q3 + 2q + 1) φ[ρ2] 1
q9 − q8 + q5 − q4 + q − 1 φ7,1 q−12
q9 − q8 + 2q6 − q5 − q4 + 2q3 − q + 1 φ4,1 q
2+q
2
q9 + q5 + q φ2,3 1
q9 + q8 − 2q6 − q5 + q4 + 2q3 − q − 1 φ9,1 q
2−q
2
q9 + q8 + q5 + q4 + q + 1 φ3,1 q−32
Table A.9
Non-trivial degrees < d(G)2 for
q = 3 (which implies = 73)
Degree Character Mult.
219 φ[ε1] 1
3942 φ3D4[1] 1
6643 φ2,1 1
9126 φ
χ14,3D4[−1] 1
10583 φ[ρ1],St 1
13286 φ7,1 1
14308 φ4,1 6
15768 φ[ρ2] 1
19929 φ2,3 1
24674 φ9,1 3
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Table A.10
Non-trivial degrees < d(G)2
Degree Character Mult.
q5 − q3 + q φ2 1
q8 + q4 + 1 φ2,1 1
1
2q
3(q6 − 2q5 + 2q3 − 2q + 1) φ6 1
1
2q
3(q6 − 2q3 + 1) φ5 1
1
2q(q
8 + 2q5 − 2q4 + 3q2 − 2) φ3 1
1
2 (q
9 + 2q8 − 2q6 + 2q4 + q3 − 2) φ4 1
q9 − q8 + q5 − q4 + q − 1 φ7,1 q−12
q9 − q8 + 2q6 − q5 − q4 + 2q3 − q + 1 φ4,1 (q
2+q+1)3′−1
2
q9 + q5 + q φ2,3 1
q9 + q8 − 2q6 − q5 + q4 + 2q3 − q − 1 φ9,1 q
2−q
2
q9 + q8 + q5 + q4 + q + 1 φ3,1 (q−1)3′−22
A.8. The case  = 3 | q + 1
Table A.11
Non-trivial degrees < d(G)2
Degree Character Mult.
q5 − q3 + q − 1 φ2 1
q8 + q4 + 1 φ2,1 1
1
2 q
3(q6 − 2q5 + 2q3 − 2q + 1) φ6 1
1
2 q
3(q6 − 2q3 + 1) φ5 1
1
2 q
3(q6 + 2q3 + 1) φ3 1
1
2 (q
9 + 2q8 − 2q6 − 2q5 + 2q4 + 3q3 − 2q − 2) φ4 1
q9 − q8 + q5 − q4 + q − 1 φ2,3 1
q9 − q8 + q5 − q4 + q − 1 φ7,1 (q+1)3′−22
q9 − q8 + 2q6 − q5 − q4 + 2q3 − q + 1 φ4,1 q
2+q
2
q9 + q8 − 2q6 − q5 + q4 + 2q3 − q − 1 φ9,1 (q
2−q+1)3′−1
2
q9 + q8 + q5 + q4 + q + 1 φ3,1 q−32
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Table A.12
Non-trivial degrees < d(G)2 for q  5
Degree Character Mult.
q5 − q3 + q − 1 φ2 1
q3(q5 + q) φ4 1
1
2 q
3(q6 − 2q5 + 2q3 − 2q + 1) φ3 1
1
2 q
3(q6 − 2q3 + 1) φ5 1
q9 − q8 + q5 − q4 + q − 1 φ7,1 (q+1)2′−12
q9 − q8 + 2q6 − q5 − q4 + 2q3 − q + 1 φ4,1 q
2+q
2
q9 + q8 − 2q6 − q5 + q4 + 2q3 − q − 1 φ9,1 q
2−q
2
q9 + q8 + q5 + q4 + q + 1 φ3,1 (q−1)2′−12
Table A.13
Non-trivial degrees < d(G)2 for q = 3
Degree Character Mult.
218 φ2 1
3942 φ3 1
6642 φ4 1
9126 φ5 1
14308 φ4,1 6
24674 φ9,1 3
Table A.14
Degrees of all non-trivial absolutely irreducible representations of 3D4(q), q
odd, of degree < min=p d(G)2 over fields of characteristic = p
Degree Characteristics 
q5 − q3 + q − 1  | q + 1
q5 − q3 + q   q(q + 1)
q3(q5 + q)  = 2
q8 + q4 + 1   2p
1
2q
3(q6 − 2q5 + 2q3 − 2q + 1)   p
1
2q
3(q6 − 2q3 + 1)   p
1
2q(q
8 + 2q5 − 2q4 + 3q2 − 2)  | q2 + q + 1
1
2 (q
9 + 2q6 + q3 − 2)  | q4 − q2 + 1
1
2q
3(q6 + 2q3 + 1)   2q(q2 + q + 1)(q4 − q2 + 1)
1
2 (q
2 − 1)(q3 − 2q + 2)(q2 + q + 1)2  | q2 − q + 1
1
2 (q
9 + 2q8 − 2q6 + 2q4 + q3 − 2)  | q2 + q + 1
1
2q
3(q6 + 2q5 − 2q3 + 2q + 1)   2q(q2 + q + 1)(q2 − q + 1)
q9 − q8 + q5 − q4 + q − 1   p; q + 1 no power of 2 if  = 2
q9 − q8 + 2q6 − q5 − q4 + 2q3 − q + 1   p; q2 + q + 1 no power of 
q9 + q5 + q   q(q + 1)
q9 + q8 − 2q6 − q5 + q4 + 2q3 − q − 1   p; q2 − q + 1 no power of 
q9 + q8 + q5 + q4 + q + 1   p; (q − 1)/2 no power of 
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All degrees  20000 of non-trivial absolutely irreducible repre-
sentations of 3D4(q), q odd, over fields of characteristic = p
Degree Group G Characteristics 
218 3D4(3) 2
219 3D4(3) = 2,3
3004 3D4(5) 2,3
3005 3D4(5) = 2,3,5
3942 3D4(3) = 3
6642 3D4(3) 2
6643 3D4(3) = 2,3
9126 3D4(3) = 3
10365 3D4(3) 13
10583 3D4(3) 73
10584 3D4(3) = 2,3,13,73
13286 3D4(3) = 2,3
14308 3D4(3) = 3,13
15548 3D4(3) 7
15767 3D4(3) 13
15768 3D4(3) = 2,3,7,13
16470 3D4(7) 2
16471 3D4(7) = 2,7
19929 3D4(3) = 2,3
A.10. Scalar products
Table A.16
Scalar products of Harish-Chandra induced Gelfand–Graev charac-
ters with the (complex) irreducible characters of 3D4(q), q odd
γG
B
γG
P
γG
Q
γG
B
γG
P
γG
Q
1 1 . . χ5,1 6 3 2
[ε1] 1 . 1 χ5,St 6 3 4
[ρ1] 2 1 1 χ6 12 6 6
[ρ2] 2 1 1 χ7,1 . . 1
3D4[−1] . . . χ7,St . . 1
3D4[1] . . . χ8 . . 2
[ε2] 1 1 . χ9,1 . 1 .
St 1 1 1 χ9,qs′ . . .
χ2,1 3 1 1 χ9,St . 1 .
χ2,St 3 2 1 χ10,1 . 1 .
χ2,St ′ 3 1 2 χ10,St . 1 .
χ2,StSt ′ 3 2 2 χ11 . 2 .
χ3,1 6 2 3 χ12 . . .
χ3,St 6 4 3 χ13 . . .
χ4,1 2 1 . χ14 . . .
χ4,qs 4 2 2 χ15 . . .
χ4,St 2 1 2
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